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Abstract 

Supersymmetric field theories of scalars and fermions in A-D space-time can be cast in the 
formahsm of Kahler geometry. In these lectures I review Kahler geometry and its application 
to the construction and analysis of supersymmetric models on Kahler coset manifolds. It is 
shown that anomalies can be eliminated by the introduction of line-bundle representations of 
the coset symmetry groups. Such anomaly-free models can be gauged consistently and used to 
construct alternatives to the usual MSSM and supersymmetric GUTs. 
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1 Supersymmetry 



Supersymmetry is a conjectured symmetry between the two fundamental classes 
of particles observed in nature: bosons with integral spin, and fermions with 
odd half-integral spin. The symmetry predicts bosons and fermions with the 
same mass and the same quantum numbers (charges) in gauge intcrcactions. 
An important motivation for the conjecture of supersymmetry is the fact that 
supersymmetry is a direct extension of the relativistic space-time symmetries 
described by the Lorentz-Poincare transformations; as such it has become a major 
component of all viable models of quantum gravity, including supergravity and 
superstring theory. 

The particle spectrum of the standard model, illustrated in table 1, does not 
exhibit such a symmetry, certainly not in manifest form. Therefore it is necessary 
to assume that supersymmetry is broken at energy scales of the standard model 
and below, i.e. below 1 TeV. 

At which energy above the Fermi scale supersymmetry is actually broken is 
model dependent. If supersymmetry only plays a role in quantum gravity, it 
may well be broken at the Planck scale (10^^ GeV). Extrapolation of the running 
couplings of the standard model indicates, that an approximately supersymmetric 
particle spectrum at scales as low as the TeV scale would help to make the 
electro-weak and color gauge couplings unify at an energy near 10^^"^^ GeV. 
Supersymmetry breaking in the TeV range is the scenario underlying the minimal 
supersymmetric standard model (MSSM) [1], in which all quarks and leptons 
supposedly have scalar partners, and all gauge and Higgs bosons (of which there 
are at least two doublets) are accompanied by fermion partners, with appropriate 
mass splittings largely adjusted by hand to fit observational constraints. 

More possibilities arise in models with large extra dimensions, such as that 
proposed by Randall and Sundrum [2] , which come naturally out of non-perturbat- 
ive string theory. In such models the Planck and unification scales are much closer 
to the energy range of the standard model, and the constraints from gauge uni- 
fication are less stringent. 

In the last 20 years much effort has been invested in the construction of 
supersymmetric models with different particle spectra based on coset models, in 
which the coset G/H is a Kahler manifold [3]-[15]; for an early review, see [17]. 
The requirement of Kahler geometry, to be explained below, is natural in the 
context oi D — A: supersymmetry. Such models might arise as effective actions 
for low-energy degrees of freedom, e.g. in strongly interacting supersymmetric 
gauge theories or composite models [18]. From a string theory perspective they 
could be part of an effective low-energy supergravity model; indeed, supergravity 
models often include non-linear coset models such as SU{1, 1)/U{1) in D — A, 

= 4, and E^+7)/SU{8) in D ^ A, N ^ 8 supergravity. 

A serious problem of supersymmetric models on Kahler cosets is, that they are 
plagued by anomalies [20]-[25]. To deal with this problem the models have to be 
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Table 1: Quantum numbers of quarks and leptons (upper part) and bosons (lower part) in 
the standard model. 



extended with additional superfields. One can for example enlarge the symmetry 
group of the model, possibly with non-compact elements [13, 25]. In a direct 
bottom-up approach the anomalies can be canceled by additional supermultiplets 
carrying representations of the original coset G/H [26]. However, this can only 
be done by including certain non-standard representations, first found in [15], in 
a novel way. In recent years models based on this construction have been studied 
in great detail [27, 28, 29], and we now have consistent supersymmetric models 
with non-linear realizations of groups like SU{5), S0{1Q), Eq or iJg, and new 
scenario's for superunification become possible. 

The aim of these lectures is to present a pedestrian introduction to supersym- 
metric coset models; they are organized as follows. Kahler geometry and cosets 
are reviewed in a simple model providing insight in the abstract geometrical con- 
structions. The coupling of additional superfields to coset models of Kahler type 
is explained, as is their role in eliminating anomalies. I then turn to the more 
general formulation, on which one can base more realistic models, including e.g. 
one or more generations of quarks and leptons. I also discuss the effect of includ- 
ing gauge interactions. The general methods are illustrated with the example of 
non- linear SU{b). 
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2 Kahler geometry: plane and sphere 



An A^-dimensional complex manifold is a manifold which can be covered by a 
finite set of local complex co-ordinate systems {z-, z^), {i, i) = 1, N, such that 
at the points at which the co-ordinate systems overlap the transition functions 
from one set of co-ordinates to the other are holomorphic: 

c-fiz), c- = n^)- (1) 

On such a manifold one can define a real line element of the form 

ds^ = Qiiiz, z) dz-dz\ (2) 

A complex manifold is a Kdhler manifold if it satisfies the condition that the 
holomorphic and anti-holomorphic curl of the metric vanishes: 

9ii,i — 9ji,ij 9ii,i — dihi- (3) 

This condition can be written globally as the closure of a 2-form: 

= = 0, Q = Qii dz^ A dz\ (4) 
Locally it implies that the metric can be derived from a real function K{z, z) by 

The function K is called the Kdhler potential. 

The simplest Kahler manifolds are the complex plane and the sphere. The 
line element in the plane is given everywhere by 

ds^ — Qzz dz dz — dz dz, (6) 

showing that there is a global real (hermitean) metric with a single component 
Qzz = 1- This metric can be written as the mixed second derivative of a real 
potential: 

Qzz = K^zz, K{z, z) = zz. (7) 

Therefore it automatically (though trivially) satisfies the curl condition (3). 

The sphere can be covered locally by complex co-ordinates: the tangent space 
at any point is the plane, parametrized by complex co-ordinates {z, z). However, 
the map from the sphere to the tangent plane is not a global map: it always 
excludes at least the point opposite that where the tangent plane is constructed. 
In figure 1 the situation is sketched for the plane tangent to the south pole of the 
sphere. 
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Figure 1: Map from the sphere to the tangent plane at the south pole. 



The line element of the sphere with unit diameter can be translated from real 
polar co-ordinates, well-defined on the full sphere except for the poles, to complex 
co-ordinates in the tangent plane by 



ds^ = (d^^ + sin^ ^ dip 
dzdz 



R=l/2 



(8) 



[l + zz 



gzz dz dz. 



The hermitean metric is obtained from a real Kahler potential 



9z 



K. 



K{z,z) = ln(l + zz) 



(9) 



The complex co-ordinates cover the whole sphere minus the north pole A^. Ob- 
serve, that this particular projection maps the equator to the unit circle, the 
southern hemisphere to its interior, and the northern hemisphere to its exterior. 

A second map including the north pole is obtained by inversion of the co- 
ordinates, i.e. the holomorphic co-ordinate transformation 



z 



z 



(10) 



The (-plane is the plane tangent to the north pole; it defines a complex co- 
ordinate system covering the sphere minus the south pole, as in figure 2. This is 
easily observed, as again the equator is projected onto the unit circle, but now 
the southern hemisphere is mapped to the exterior, and the northern hemisphere 
is mapped to the interior; in particular the north pole corresponds to the origin 
( = 0. Furthermore, the inversion does not change the expression for the line 
element. This is easy to understand on the basis of symmetry: no matter where 
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Figure 2: Map from the sphere to the tangent plane at the north pole. 

the tangent plane is constructed, the spherical symmetry implies that the line 
element will always be of the form 

Note, that inversion changes the Kahler potential to 

K[z{C), z{C)] = In (^1 + 1^ = In (l + CC) + F{0 + F(C), (12) 

where F{() = — In^ modulo an arbitrary imaginary constant. It follows imme- 
diately, that 

as expected. 

3 Symmetries of the sphere 

The sphere is by definition invariant under rotations around three independent 
axes. We consider an arbitrary infinitesimal rotation (a rotation close to the iden- 
tity) over angles {(p,d,rf). The corresponding change in projection of a rotated 
point to the tangent plane corresponds to a change in the complex co-ordinates 



z' = z + 5z, 5z = i^z + -(l + z") + '^{l-z^). (14) 



This is a special holomorphic co-ordinate transformation which leaves the line 
element of the sphere invariant: 

dz'dz' dzdz 
il + z'z'Y " il + zzY' 
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However, again the Kahler potential is invariant only modulo the real part of a 
holomorphic function: 



K\z\ z') = ln(l + z'z') = K{z, z) + f{z) + f{z), (16) 
where the holomorphic function is given by 

f{z) = \{i^ + {^-iil)z). (17) 

Actually, the purely imaginary ^-independent part of f{z) is not determined 
by the transformation of the Kahler potential. We have chosen this particular 
expression for later convenience. Note, that in general invariance of the Kahler 
potential modulo the real part of a holomorphic function is sufficient for invariance 
of the line element: 

= ^ = = (18) 

A vector field ^{z) — 5z which, like (14), defines an infinitesimal co-ordinate 

transformation leaving the line clement invariant, is called a Killing vector. The 
idea carries over directly to higher-dimensional manifolds: on an A^-dimensional 
complex manifold a (holomorphic) Killing vector is a (holomorphic) transforma- 
tion 

+ + (19) 

such that the line element is invariant: 

ds^ = gii{z, z) dz^dz' = QiJ^z', z') dz"-dz'\ (20) 

This happens, if the transformation {^-{z),^'^{z)) satisfies the condition 

dz^ + dzi ~ ^' ^ ' 

where = and = gii We will encounter more examples of such Killing 
vector fields later on. 



4 Cosets 

There is another way of looking at the sphere, in terms of groups and cosets. 
In this section we describe how the sphere can be identified with the coset 

SU{2)/U{1). 

Consider an element a of SU(2). By definition it is a unitary 2x2 matrix 
with unit determinant: aa^ = 1, deta = 1. All elements in the neighborhood of 
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the identity can be parametrized in terms of a real parameter a and a complex 
parameter z by 

Note, that the complete a-dependence is in the U{1) factor exp(iar3). The class 
of all elements corresponding to the same value of {z, z) is therefore a set of 
elements of SU{2) differing only by a C/(l) factor; the set of all such equivalence 
classes is the coset SU{2)/U{1). A representative of each equivalence class can 
be chosen by fixing the C/(l) gauge to a = 0: 



~a{z,z) = a{z,z;Q) = ^==[ _ . (23) 





Thus we can associate one element of the coset (an element in the neighborhood 
of the identity) represented by a with each point in the complex plane. However, 
there is one element of the coset which is not in the neighborhood of the identity, 
as it is not associated with any point in the (finite) plane: the element 

(24) 

In the present approach this element can be reached by an inversion of the co- 
ordinates: C, — 1/z, and a change of gauge by multiplying with the C/(l) element 
exp(i^T3), where 9 — &xgz — — arg^: 



/i + CC \ -1 e'VCC I Vi + CC V -1 c / 

It is then obvious that 

aoo = lima(C-\r';^)- (26) 

Thus the elements of the coset are actually in one-to-one correspondence with 
the points on the sphere, rather than with the points in the complex plane. 

Not only is there a one-on-one map between coset SU{2)/U{1) and the sphere, 
this map also respects the symmetries of the sphere, as we now explain. Consider 
any element a{z, z) of the coset in the gauge o; = 0. By construction it is also an 
element of SU{2). We can multiply a from the right with an other element g of 
SU{2), to get the new element Ug — dg. In general this will not be an element 
satisfying the gauge condition a = 0. It is possible to get back to this gauge 
by multiplying the element ag from the left by a g- and point-dependent U{1) 
transformation hg{a), such that 



7 



In this way any SU{2) transformation g maps a coset element a labeled by pa- 
rameters {z,z) to another element hg labeled by {zg,Zg). Explicitly, for an in- 
finitesimal transformation 

^ - \ -{d-ir])/2 l + iipl2 ^ ''> 

there is a compensating U{1) transformation 

+ (29) 

with 

a{z,z)^j.{f{z)-f{z)), (30) 
such that ttg is given by the r.h.s. of (27) with 

Zg^z + Sz, Sz ^i(pz + ^(l + z"^) + ^ (l - . (31) 

as in eq.(14); f{z) in eq.(30) is given by the expression (17), which justifies 
a posteriori our choice of the constant imaginary term in f{z). In conclusion, 
we see that the symmetries of the sphere (rotations) are realized as non-linear 
SU{2) transformations on the coset elements a{z,z). Therefore, the invariant 
line element on the sphere (8) also defines an SU (2)-invariant line element on the 
coset SU{2)/U{1). 

5 Field theory on cosets: the non-Hnear a-model 

We have seen how a non-linear realization of SU (2) can be constructed in terms of 
coset elements. We have also constructed an invariant fine element on the coset. 

It is then straightforward to write down a theory of a massless complex scalar 
field z{x) in a n-dimensional space-time, which is invariant under the non-linear 
SU{2) transformations (31). It is based on the invariant action 

As our discussions above show, this action can only be used for fiuctuations 
of the field not too far from the identity {z = z = 0). For large fiuctuations 
which include the pole of the sphere at 2; = oo, a second chart from the sphere 
to the complex plane is needed. Another limitation is, that the model is not 
renormalizable beyond n — 2; therefore in A-d space-time such a field theory is 
at best an effective theory for light scalar degrees of freedom in a theory with 
broken SU{2). 
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It is known from Goldstone's theorem, that in fact such massless scalars al- 
ways arise in a theory with a spontaneously broken rigid symmetry, either as 
elementary or composite states. For the case of elementary fields it is easy to 
show. Suppose that we have a triplet of (real) scalar fields 4>i, i = (1,2,3), with 
an action 

= -Jrx id$f + V[$']^ . (33) 

As the potential depends only on the modulus 0^, the action is invariant under 
5*0(3) ~ SU{2) transformations rotating the 3-vcctor whilst keeping its length 
fixed. Suppose the lowest energy state of the theory is such that the field has 
a non-zero expecation value: 0^ = 1//^- Then the low-energy behaviour of the 

— * 

theory is dominated by the fluctuations of respecting the flxed length; these 
can be parametrized by writing 

01 = p sin 1? cos </?, (p2 = P sin sin (p, 

(34) 

(t>z — p cos ■&. 

Taking p — 1/ f flxed, and inserting this parametrization back into the action 
(33), we obtain 

S[$\ ^ jdTx [{d^f + sin2 ^ {d^f + V[l/f]] . (35) 

A comparison with eq.(8) shows that up to an additive constant V^[l//^], and 
with the normalization / = 2, this reduces to the action (32). On the other hand, 
keeping the radial degree of freedom p in the theory, one easily deduces that it 
has a mass = d'^V/dp^ (evaluated at p — 1//). This estabhshes that the 
range of energies, in which the effective action (32) is valid, is —Q^ < rn^p. If the 
symmetry discussed is broken at very high energies, such as in GUT models, this 
regime can of course be very large {rup ~ 10^^ GeV). 



6 Dressing the sphere 

In the following we extend this construction to supersymmetric fleld theories. To 
this end we have to include additional flelds also transforming under some non- 
linear (spontaneously broken) version of SU{2), or some larger Lie group in more 
general cases. The key to finding representations of the non-linear transforma- 
tions is by their identification as special holomorphic co-ordinate transformations. 
This implies, that if we have representations of the group of general co-ordinate 
transformations, we directly obtain representations of SU{2) by restricting the 
co-ordinate transformations to those generated by the Killing vectors (14). 
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The simplest representations we can construct are those based on standard 
representations of the group of general co-ordinate transformations: scalars, vec- 
tors and tensors. A scalar S{z, z) takes the same value at the same point, in- 
dependent of the co-ordinate system; hence under an infinitesimal holomorphic 
co-ordinate transformation 

z'^z + i{z), z'^z + i{z), (36) 

the scalar transforms to first order in ^) as 

S\z',z') = S{z,z) S'{z,z) - S{z,z) = -^{z)dS{z,z) -^{z)dS{z,z). 

(37) 

Applying the same rule to the components of a holomorphic one-form A{z, z) 
— Az{z, z) dz one finds: 

A;(^, z) - A,{z, z) = -di{z)A,{z, z) - i{z) dA-Xz, z) - l^z) dA,{z, z). (38) 

For the components of a vector V{z,z) — V^{z,z)d we find the contragredient 
transformation: 

V"{z, z) - V'{z, z) = dC{z)V%z, z) - C{z) dV%z, z) - Ciz) dV'{z, z). (39) 

This guarantees that the contraction of a vector and a one-form of the same 
type (e.g., V^A^) transforms as a scalar. In addition to holomorphic one- forms 
and vectors, there arc also anti-holomorphic one-forms and vectors {A = A^dz, 
V = V^d), and tensors transforming as direct products of forms and vectors, 
e.g.: 

T^,{z, z) - T,,{z, z) = -dC{z)n,{z, z) - d^{z)T,,{z, z) 

-^{z)dT,,{z, z) - ^{z)dT,,{z, z) (40) 

= -d {C{z)T,,{z, z)) - B {i{z)T,,{z, z)) . 

In particular, the metric transforms as such a mixed tensor, from which one can 
immediately deduce the Killing condition (21) for invariance of the line element. 

Each of the transformations (37)- (40) can be turned into an SU{2) transfor- 
mation corresponding to the element g{(fi,'&,'r)) by restricting {C{z),C{z)) to the 
Killing vectors (14): 

Line bundles 

In addition to the vector and tensor representations constructed in this way, we can 
define representations based on holomorphic line bundles. The construction starts 



10 



from the transformation rule of the Kahler potential: 5(^K — + F^, where ^ is 
a Killing vector and F^ is a corresponding holomorphic function. A holomorphic 
line bundle Q{z, z) of weight A, defined on the sphere, then transforms under a 
holomorphic co-ordinate transformation (36) as 

Q'{z',z') = e^^^^'^Q{z,z) 

(41) 

Q.'{z, z) - n{z, z) ^ -i{z) on - i{z) on + XF^{z)n{z, z). 
In particular, under an SU (2) transformation defined by the above Killing vector: 
Qgizg, Zg) = e^"^" 1] ( ^ , z) ^ ^{z , z) + A /, ( z ) 1] ( ^ , z) . (42) 
This defines a representation of SU{2), as the functions fg{z) have the property 

/92gi (-^9231 ) ~ fg2 i^gi ) + fgi {^) ■ (^3) 

Similarly, one can define anti-holomorphic line bundles fl^z, z) with the transfor- 
mation law 

^g{zg, Zg) = c^^^^^^ VL{z , z) ^ VL{z , z) + Xf{z)VL{z, z). (44) 

The archetype of a multiplicative line bundle on a Kahler manifold is the exponent 
of the Kahler potential: 

Ex{z,z)^e^^^'^'\ (45) 

Under an SU{2) transformation g{(p,'&,rj) of the type above, cf. eqs. (28)-(31), 
Ex transforms as 

(Ex)g(zg,zg) = e^^«(^)+^^«(^")£;,(5,z) 

(46) 

^ Ex{z, z) + \jg{z)Ex{z, z) + Xfg{z)Ex{z, z). 

The condition (43) is sufficient to guarantee the group property of the transfor- 
mations for a line bundle f^(^, z) in any point of the manifold. However, it does 
not guarantee the existence of the line bundle globally; the global existence of line 
bundles requires A G Z. Indeed, under the transformation z' = 1/z, necessary to 
cover the full coset (sphere) 

n'(z',z')^^n{z,z), (47) 

Z'^ 

This is single- valued on the unit circle (the equator of the sphere, where the co- 
ordinate patches overlap) if and only if A is an integer. A similar quantization 
condition (the cocycle condition) holds on all compact Kahler cosets. 

Finally, combining the various realizations of the non-linear symmetry trans- 
formations constructed here, the most general representation of spontaneously 



11 



broken SU (2) is a combination of vector/tensor- and line-bundles, e.g. a one-form 
valued mixed holomorphic and anti-holomorphic line bundle with component 
transforms as 

A'^{z, z) - A,{z, z)^- dig{z) A,{z, z) - ig{z)dA,{z, z) - lg{z) dA,{z, z) 

(48) 

where A and /i are integers for global consistency. 



7 Supersymmetry on the sphere 

With the prescriptions of the previous section at hand we can now construct a 
theory with supersymmetry in the target space defined by the sphere — or some 
other Kahler manifold. This construction goes as follows. In D = 4 space-time 
a chiral multiplet consists of a complex scalar field z{x) and an anti-commuting 
chiral spinor If z{x) takes values on the sphere and carries a representa- 

tion of spontaneously broken SU{2), then these transformations commute with 
supersymmetry if we assign to the space-time spinor the transformation rule of 
a vector over the target space (the sphere) : 

Sg^l^L = d^z) ^Ijl = (i'P + (^ - iv)z) i^L = 2/,(z)V'L. (49) 
Three remarks are in order: 

- ipLix) is a fluctuating field over space-time, but a constant section of a con- 
travariant vector bundle over the sphere: it is independent of z, and therefore its 
derivatives w.r.t. z vanish. 

- Under supersymmetry the scalar field transforms into the chiral spinor ipL, the 
transformation (49) is precisely such, that supersymmetry and SU (2) commute: 

Sqz = eRipL =^ [Sg, Sq] z^O. (50) 

- For the special case of the sphere it happens, that a vector transforms as a line 
bundle of weight 2; this is not true for general Kahler manifolds. 

The whole construction is equivalent to starting with a chiral superfield 

^x, 6) = z{x) + OrM^) + OrOlH{x) + (51) 

where 9^ is an anticommuting spinor co-ordinate, and if is a complex auxiliary 
scalar field. Under SU{2) this superfield transforms in the non-linear represen- 
tation (14): 

5^ = m = + I (l + + |(l - . (52) 
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The action of SU (2) on the component fields can then be read off from a com- 
parison of terms with the same 9 dependence on both sides of the equation. The 
construction of an invariant action for the chiral muhiplet is straightforward: first 
construct the real superfield-valued Kahler potential 

K(^, = In (l + $$) ; (53) 

then take the superspace integral (D-term) of this real superfield: 

j d^x j d^eij d'^enKi^,^). (54) 

Written out in space-time components and eliminating the auxiliary fields one 
obtains 



S^- dS: 



{1 + zzy {i + zzy (i + zz)* 



(55) 



Here the covariant derivative of the spinor field is defined as the pull-back of the 
Kahler connection on the sphere: 

= (^ + <^z rj) = - ^Y^l^) V^L. (56) 

The first purely bosonic term of this action is precisely that of the non-linear 
(T-model on the sphere, cf. eq.(32). The fermionic terms are dictated completely 
by the invariance of the action (modulo total divergences) under supersymmetry 
transformations of the type (50). 



8 Anomalies 

The action (55) is invariant under both supersymmetry and SU{2); now SU{2), 
in particular its linear subgroup U{1), acts non-trivially on the chiral spinor 
ipL, cf. eq.(49). It is well-known that such a group action on chiral fermions is 
anomalous in the quantum theory: although the action is invariant, for a single 
chiral fermion there is no invariant path-integral measure. The discussion can be 
simplified by redefining the fermion field: 

XL = e-^(^"'^)VL = :r^. (57) 
1 + zz 

In terms of this field the action (55) takes the form 

^--Jd'^ ( (fr^ + XL J XL - (xlTmXl) j , (58) 



13 



with the covariant derivative 

PXL^{^-mxL. v.^-i^TYz- ^^^^ 

By construction this connection renders the derivative covariant under field- 
dependent C/(l) transformations 

(Xl), = e^«(^)-^«(^) XL « (1 + fg{z) - Uz))xL, (60) 

which is the equivalent of the field-dependent SU (2) transformation of eq. (49) . 

As the kinetic fermion term in (58) is of the standard form, the usual triangle 
anomaly calculation applies, and the U{1) current, as well as its parent SU{2) 
currents, are not conserved. The quantum theory then is inconsistent [20]- [25]. 
One way to repair this situation is to introduce another chiral multiplet, which 
we refer to as 'matter multiplet', 

A{x, &) = a{x) + Ml(^) + OrOlN^x) + ... (61) 

transforming as a holomorphic line bundle of weight —2: 

Ag = e-2/^'(*) A. (62) 

Note, that the holomorphicity is important to guarantee the chiral superfield 
nature of the transformed superfield. 

For the chiral superfield A one can construct an invariant action from the 
superspace expression 

^matter — 6 ( ' ) AA, (63) 

integrated over all of superspace [29]. If one redefines the chiral fermion 0l by 

= e^(^"'^VL = (1 + zz)ct>L, (64) 

it has the opposite U{1) transformation property compared to the quasi-Goldstone 
fermion xl'- 

= (1 - fgiz) + Mz) + 0(a)) (65) 

In the f/(l)-invariant vacuum (i.e., (a) = 0), the kinetic terms of this fermion in 
the action (63) then become 

^J^matter ^fjL^VL + ...: pTjL ^ + if) VL- (66) 

As the effective U{1) charge of the matter fermion rii is opposite to that of 
the quasi-Goldstone fermion xl, their triangle anomalies cancel. The mechanism 
explained here to eliminate anomalies in supersymmetric theories on Kahler man- 
ifolds using holomorphic line-bundle representations of symmetry groups works 
quite generally [26]. 
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9 Gauging of internal symmetries 



Let me summarize the results of the previous sections. The supersymmetric 
model on the coset SU{2)/U{1), defined by the two chiral superfields {^,A) and 
the Kahler potential 

K[^, $; A, A] = ln(l + $$) + (1 + (67) 
is invariant under the non-linear SU (2) transformations 

5^ ^ e + i(p^ + e^'^, 5A ^ -i(pA - 2e^A, 

1 1 (68) 

e = 2 + ^'^^ ' ^ = 2 ~ ■ 

As the two chiral fermions in the model carry opposite charges, the internal 
symmetry is free of anomalies. This allows us to promote the model to a con- 
sistent quantum field theory e.g. using path-integral quantization. Of course, 
the model is not renormalizable, hence it must be regarded as an effective quan- 
tum field theory, decribing the physical degrees of freedom in a limited range of 
energies/ distance scales. 

A second important benefit from the absence of anomalies and the result- 
ing current conservation is, that the internal symmetry can be gauged consis- 
tently. Because of the interplay with supersymmetry, gauging the SU{2) sym- 
metry involves several steps. The first step is to extend all derivatives to covari- 
ant derivatives, introducing gauge fields {W^, A^, W~) for the transformations 
parametrized by (e, v?,e), respectively. For example, the covariant derivatives on 
the scalars act as 

D^z = d^z-g{W+ + iA^z + W-z^), D^a = d^a + g{iA^ + 2W^ z) a. (69) 

In the second step, one adds associated Yukawa couplings of the complex scalars 
{z,a) to the fermions {iPl,4>l) and the gauginos (A"'",A,A~), the superpartners 
of the gauge fields. And finally one has to add a potential which results from 
ehminating the auxihary fields (-D"*", -D, D~) associated with the gauge fields by 
supersymmetry. We will not present the full action here; it can been found in 
ref.[29]. However, the D-term potential is of special interest, and we discuss it in 
some detail. 

I first return to eq.(21) defining the holomorphic Killing vectors Ci^)- This 
equation implies, that at least locally for any Killing vector there exists a real 
function M{z, z) such that 

dM - - dM 
k = 9iiC = -^^_. ^i = 9ne = t-Q-- (70) 

Actually an explicit construction of these Killing potentials exists. Consider the 
Killing vector ^g{z) associated with the element g of the group of invariances of 
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the line element. We know that under this transformation the Kahler potential 
behaves as 

Now define Mg(z, z) by 

-^^^ = 11 - ^^(^) = H + m- (72) 

As is obvious from the expressions on the r.h.s., the quantity Mg is real. It is 
straightforward to show, that Mg is the Killing potential for Cg{^)'^ indeed, as 
both il{z) and fg{z) are holomorphic, 

' dzi dzidz^~^''-^'~^''-- ^^^^ 

Applying this construction to the coset model on SU (2)/[/(l) we find the explicit 
expressions 

_,M,(»,*;AA) ^ (i + {l^i^fAA) . (74) 

Note, that if one computes the gradient of these potentials: dMg/d^, dMg/dA, 
one does not recover directly the Killing vectors represented by eqs.(68): there is 
still a metric factor 

/ 

Gn = 



\ 









d'S'dA 






dAd^ 


dAdA 



(75) 



to take into account. 

Returning to the subject of the D-term potential, it can be shown quite 
generally that elimination of the auxilary D-fields leads to a scalar potential 

Vd{z, z;a,a) = —Dl = — M^{z, z; a, a), (76) 

where the sum is over all independent components of the Lie-algebra of isometrics, 
labeled by a. For the case of the coset SU{2)/U{1) this becomes explicitly 

g^dMgdMg , ( dM, 

Vd — 



2 de de 



g' (dMgV ^Vl .^^-^2-^' ,77, 



From the explicit form of the potential we learn two important physical facts: 

- The potential is positive definite, with a minimum at Vd = g'^/8; this implies 
that supersymmetry is spontaneously broken. 

- The minimum is reached for z = a — 0; hence the linear ^7(1) symmetry is not 
spontaneously broken, and the U{1) gauge field Af^ remains massless. 
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We observe at the same time, that the charged vector bosons become massive. 
This is most easily seen by going to the unitary gauge, in which z = z = 0; then 
the covariant derivative of z, eq.(69), reduces to —gWi^^, and the former kinetic 
terms for the Goldstone bosons become 

jCkin{^,z)--9''W+-W-. (78) 

I refer to [29] for details. 

10 Extensions to larger coset manifolds 

The action of a supersymmetric field theory in 4-D space-time constructed from 
chiral supermultiplets {z^jip^), i = 1, ■■■,r, is defined by two functions of the su- 
perfields: the real Kahler potential K{<^, $), and the holomorphic superpotential 
In components the action reads 

(79) 

Here gu = K^ii is the Kahler metric, p the covariant derivative on the Kahler 
manifold and Rijjj the corresponding curvature tensor. There are many cosets 
of Kahler type of interest for particle physics phenomenology; these include the 
Grasmannian models on SU{N + M)/S[U{N) x U{M)], such as the GUT-like 
model SU{5)/SU{3) x SU{2) x U{1). 

To reproduce the particle content of the standard model, as summarized in 
table 1, the internal symmetries of such a model must be promoted to local sym- 
metries, by coupling to appropriate non-abelian vector multiplets; this is possible 
only if the symmetries are non-anomalous. Like in the model on SU{2)/U{1), 
this is generically not the case. The model on SU{5)/SU{3) x SU{2) x U{1) 
provides a typical example. The Goldstone superfields in this model are 
where a = (1,2) is an SU{2) index and r = (1,2,3) an SU{3) index; thus they 
transform as a doublet-triplet of SU{2) x 5^7(3). In particular, the fermion com- 
ponents carry the quantum numbers of left-handed quark doublets. By itself this 
set of chiral fermions forms an anomalous representation of SU (3) x SU (2) x C/(l). 

As in the SU(2) /U{1) model, the anomalies can be canceled by incorporating 
additional supermultiplets. Actually the standard model suggests how to do this: 
introduce chiral superfields with the SU (3) x SU (2) quantum numbers of lepton 
doublets, plus superfields containing anti-quark and anti-lepton SU{2) singlets. 
Indeed, this suffices to guarantee the absence of anomalies of the full parent SU{5) 
symmetry, provided the chiral fermions have the correct U(l) hypercharges. Ob- 
serve, that to obtain full agreement with the spontaneously broken standard 
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model including at least one family of quarks and leptons, one needs to introduce 
a Higgs and an anti-Higgs doublet with opposite hypercharges as well; with this 
hypercharge assignment the higgsinos do not cause new anomalies. Details of 
this model can be found in [27]. 

To realize the correct hypercharge assignments of the additional superfields 
is not trivial. For example, the left-handed anti-electron is an SU{2) and SU{3) 
singlet, suggesting that it should be part of a superfield $ which is a singlet 
under SU{3) x SU{2) x f/(l); however, its true U{1) hypercharge is +1. Such a 
hypercharge assignment can be realized by promoting $ to a line-bundle represen- 
tation of 5'C/(5), generalizing the construction I presented for SU{2)/U{1). The 
required line-bundle representation actually exists, not only for the left-handed 
anti-clcctron, but for all chiral superfields containing standard-model fermions 
and Higgs doublets [27]. Thus line bundle representations play a crucial role in 
eliminating anomalies, not only in the simple SU{2)/U{1) model, but also in 
the larger models which are more interesting from the phenomenological point of 
view. 

Once the anomalies have been canceled, the SU{5) symmetry can be gauged 
in a way that respects the supersymmetry of the action. In broad outline the 
following happens: 

- First, a set of 24 vector multiplets {A^, A", D'^) is introduced as required by 
local SU{5) symmetry. 

- Gauging the action whilst preserving supersymmetry gives rise to covariant 
derivatives, accompanied by Yukawa couplings and a D-term potential, defined 
in terms of the Killing potentials for the SU (5) isometrics. 

- The vector bosons corresponding to broken directions in SU{5) become mas- 
sive, but the vector bosons corresponding to the linear SU{S) x SU{2) x U{1) 
subgroup remain massless, at least as long as there are no vacuum expectation 
values for the Higgs doublets. 

- The Goldstone bosons z"^ disappear from the spectrum of physical states; this is 
manifest in the unitary gauge 2;* = 0, which can always be realized if the param- 
eters of the non-linear SU{5) transformations become space-time dependent. As 
a result, in these supersymmetric models only the quarks and leptons which are 
part of the additional matter superfields have scalar partners; the quark doublet- 
triplet has no physical superpartners left. This shows, that the model exhibits 
strong spontaneous supersymmetry breaking. 

- Like the vector bosons, the gauginos split into linear representations of the 
stability group SU{3) x SU{2) x C/(l): 

24 ^ (8,1) + (1,3) + (1,1) + (3,2)r+(3,2),.. (80) 

The fate of these fermions is quite interesting; first, there are three sets of Ma- 
jorana gauginos with the same quantum numbers as the massless vector bosons, 
as expected. Then there is a righthanded doublet-triplet which (in the unitary 
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gauge) combines with the quasi- Goldstone fermions t/'l to form a doublet of mas- 
sive quarks, with masses of the order of the scale at which SU{5) is broken. And 
finally, there remains a massless doublet-triplet representing the physical quark 
doublets in the gauged cr-model, without physical scalar superpartners. 
- The D-term potential again takes the form 

Vd^^MI (81) 

where g is the SU{5) coupling constant, and the Ma arc the Killing potentials of 
the SU{5) transformations. In this expression one may take z- = z"^ = (unitary 
gauge), i.e. the potential depends only on the physical scalars. It is positive 
definite, confirming that supersymmetry is broken spontaneously. 

The scenario sketched here for the particular model based on the grassmannian 
coset SU{5)/ SU{3) x SU{2) x U{1) is representative for a class of models incor- 
porating standard-model like low-energy sectors, e.g. the models on SO{10)/U{5) 
and Eq/ SO{10) x ^7(1) [28]; of course the details differ. The coupling of these 
models to supergravity has been discussed in [27]. 

11 Conclusions 

In these notes I have explained the basic elements of Kahler geometry and its 
application to the construction of 4-D supersymmetric field theories. In particular 
I have shown that there exist consistent supersymmetric models with the fermion 
content and gauge interactions of the standard model, but different from the 
minimal supersymmetric standard model (MSSM). 

In these supersymmetric coset models all or some of the quarks and leptons 
are quasi-Goldstone fermions, or an equivalent set of unpaired chiral gauginos, 
lacking physical scalar partners. This strong form of spontaneous supersymme- 
try breaking clearly distinguishes the physical content of these models from the 
MSSM or standard supersymmetric GUTs. Of course, this difference affects sce- 
narios of gauge unification and the role of supersymmetry in the solution of the 
hierarchy problem, although to what extent is presently not clear. 

In addition, questions arise as to the possibility of breaking the stability group 
H, which is to be chosen as the standard-model group or a GUT group. In some 
models we have found that the scalar potential drives the scalar fields to a singular 
point of the kinetic terms [28, 29]. This may point to a strong coupling regime, 
possibly with symmetry rcstauration. Clearly, not all of the physics described by 
these models is as yet understood. 

With the principles of constructing a class of consistent models at hand, the 
next step is to address physical applications. This part of the work is only about 
to begin. 
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